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Abstract— The paper deals with static output feedback
controller design for continuous-time Takagi-Sugeno descriptor
models. Via the well-known Finsler’s Lemma and the descriptor-
redundancy approach a set of linear matrix inequalities are
derived to solve this design problem. A numerical example shows
the effectiveness of the proposed approaches.
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I. INTRODUCTION

The use of Takagi-Sugeno (TS) models [1] have been
widely employed. Thanks to their convex structure, the
Lyapunov theory has been used for the analysis TS models [2];
analysis and design conditions have yielded linear matrix
inequality (LMI) constraints, which are solved via convex
optimization techniques [3]. Since the appearance of the sector
nonlinearity methodology [4], researchers have paid more
attention to TS modelling, due to their capability to exactly
represent a nonlinear system [5], [6]. Nevertheless, the sector
nonlinearity presents an important disadvantage: when the
original nonlinear model contains a high number of non-
constant terms, the number of rules rapidly increases, thus
turning the problem numerically intractable.

Expressing analysis and designing conditions as LMIs is
one of the main goals of the TS framework. Several works
concerning controller/observer design of continuous-time TS
models [7]-[17] have been developed. For the discrete-time,
the use of non-quadratic Lyapunov functions has led to
important results [18]-[23].

Based on nonlinear descriptor models [24] — which
naturally appear in mechanical systems [25] — TS descriptors
have been introduced in [26]. Using a TS descriptor
representation generally reduces the high number of rules
while the TS model remains closer to the structure of the
original nonlinear model [27], [28].

One of the most challenging problems in automatic control
is the design of output feedback control. A survey on the
design of static output feedback controller (SOFC) for linear
systems has been presented in [29]; later on, an iterative LMI
(ILMI) procedure has been presented in [30], further sufficient
LMI conditions have been developed in [31]. In [32]-[34], the
results for linear systems have been extended for standard TS
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models. More recently, via the descriptor-redundancy approach
and Finsler’s Lemma, LMI conditions have been achieved.
Both in the continuous-time case [34], [35] and in the discrete-
time case [36]. In [37], SOFC conditions for the discrete-time
TS descriptors have been developed.

Despite these works, there are no results concerning the
SOFC design for TS descriptor models in continuous time.
This paper intends to fill this gap. To this end, the SOFC
design is done via the well-known Finsler’s Lemma, since it
avoids using the classical closed-loop system for the design,
thus breaking the link between the Lyapunov function and the
controller. Moreover, taking advantage of this approach, slack
variables can be directly added in order to reduce
conservativeness. The selection of these slack matrices is
inspired by [36], [37], such that they provide the maximum
flexibility to the LMI constraints (the maximum no. of decision
variables but keeping the same number of convex sums).

The rest of the paper is organized as follows: Section II
presents the TS descriptor model, notation, and the problem
statement; Section III states the main results and some remarks
on the current research; Section IV illustrates the provided
approaches; Section V concludes the paper.

II. PRELIMINARIES
A. Notation
Consider a set of membership functions (MFs) #, (),
ie{l,2,...,r}, which hold the convex-sum property, i.e.,
0<h(s)<1,ie{l2,...,r}, and D " h(+)=1. Throughout

this work a shorthand notation will be used to represent
convex-sums of matrix expressions:

v, :gh[(.)rf’ TZI :(Zhi(')ri]_ >
Yy = Z):Zr:hz (')hj (.)Tija

i=1 j=1

where Y, Y,
dimensions. Subscripts may change according to the MFs. In
addition, an asterisk (*) will be used in matrix expressions to

i,je{l,2...,r} are matrices of appropriate



denote the transpose of the symmetric element. For in-line
expressions it will denote the transpose of the terms on its left-
hand-side, for example:

T
A4 B4 () , A+B+A" +B" = A+B+(*).
B C B C

B. TS descriptor model

Consider the following continuous-time nonlinear
descriptor model:
E(x(1)) (1) = A(x (1)) x (6)+ B (x(¢))u(¢) .

v(8)=C(x(1))x (1),
where x(¢)e R" is the state vector, u(¢)e R" is the control
input, and y(¢)e R’ is the output vector. Matrices A(x(t)),
B(x(t)), C(x(t)), and E(x(t)) are assumed to be bounded
and smooth in the compact set Q. This work studies the case

when E(x(¢)) is a nonsingular matrix in Q. In the sequel,

arguments will be omitted when their meaning can be inferred
from the context.

Employing the sector nonlinearity methodology [4], the p
non-constant terms in (A(x),B(x),C(x)) are grouped in
MFs h,(¢), i€ {1,2,...,27}; similarly the p, nonlinearities on
the left-hand side of (1) produce v, (+), ke {L,2,...,2} .
These MFs satisfy the convex sum property in Q. :

0<h (s)<1, Zr:h[(-)zl,
0<v, (+) <L, ki:vk(-):l.

Using the mentioned methodology, an exact representation
in Q_of the nonlinear model (1) is given by the following TS

model in the descriptor form [26]:
ka (Z)Ekx = ih[ (Z)(A[X+B[u)
k=1 i=l

. 2
y=> h(z)Cx,
i=1
where the set of matrices (4,,B,,C,), i€ {1,2,...,r} represent
the linear local models in right-hand-side of the TS descriptor
model, while E,, ke{l,2,...,r,} denote the linear local

models in the left-hand-side of (2). The premise variables are
grouped in the vector z(¢), which is considered known. Using

the shorthand notation, the TS descriptor model is written as
Ex=A4x+Bu, y=C,x. Notethat,if E =1 ,the standard
TS model is recovered:

Xx=A4,x+Bu, y=C,x. 3)

C. Previous results

For standard TS representations (see (3)), an ILMI
approach and sufficient LMI conditions have developed in
[32], [33]. In particular, the authors in [33] design a parallel
distributed compensation (PDC) control law of the form:

u=K,y=K,C,x. 4)
Their analysis relies on the closed-loop system
x=(4,+B,K,C,)x. ®)

Stabilization conditions are given in terms of LMIs together
with equalities:
AP+BN,C, +(x)<0, MC,-C,P=0,

6
N,=K,M, P=P">0. ©)

Conditions (6) are similar as those in [31]. In [34], via the
descriptor-redundancy  approach, LMI conditions for
stabilization of a TS model (3) via a non-PDC control law

u=K,(P,)" y have been obtained.

D. Problem statement

Descriptor models appear when dealing with mechanical
systems; since they are more general than the standard ones, a
TS descriptor representation comes at hand. The aim is to
control the TS descriptor model (2) via SOFC of the following
form:

u= H;hvihvy = H;hvithh‘x7 (7)

where H,, € R™" and K, € R™ are nonlinear gains: they
include nonlinearities from both sides of the TS descriptor
model. Note that the control law (7) includes (4).

Using Finsler’s Lemma, it is possible to decouple the
Lyapunov function and the controller; this procedure allows
achieving LMI conditions; as a result, it avoids the equality
conditions in [33] and the ILMI conditions in [32].

Lemma 1 [38]: (Finsler’s Lemma) Let XeR",
Q=0"eR™, and Re R™" such that rank(R) <n; the

following expressions are equivalent:
a) X'QX <0, VXe{XeR":X#0,RX=0}.
b) IMeR™ : MR+R" M" +Q <0.

In order to get LMI constraints, MFs should be dropped off
from inequalities; to this end sum relaxations are available.
Results in this paper consider the following sum relaxation
scheme.

Lemma 2 [39]: Let Y, i,je{L,2,...,r}, ke {L,2,....1.},

7
be matrices of  appropriate dimensions. Then

Y, = ZLIZ}IZL h,(z)h, (z)v, (2)Y; <0 holds if

2

r—1

Yh <0, Vik;

Yi+Y 4+ <0, i%j.  (8)



III. MAIN RESULTS

In order to use Finsler’s Lemma [38], the TS descriptor
model together with the control law are written as the
following equality constraint:

X
A BB o ©)
H};’lvihl’ Ch 0 -1 .
u

This rewriting avoids the explicit appearance of the
classical closed-loop: E X = (A,, +BhHh’h1thvCh)x, and it also
decouples the nonlinear matrix E, .

The Lyapunov function under consideration is

V(x)=x"Px, P=P" >0. (10)

Then, the time-derivative of (10) gives

V(x)=x"Px+x"Px<0. (11)

Incorporating u” Ou in the previous inequality, it gives

V(x)=x"Px+x"Px+u"Ou <0, which can be grouped as:

x[ |0 P Ofx
V(x)=|x| |P 0 0| x|<O0. (12)
u| |0 0 Oflu

Via Lemma 1 (Finsler’s Lemma), the inequality (12) under
the equality constraint (9) gives:

y £ B 0 PO
Myl T (#)+| P 0 0<0, (13)
Hhththh 0 _I O 0 0

with M € R being a free matrix:

Ml MZ
My =My M, |
MS M6

Expression (13) yields
- (*) (*)
re  _ME —E'M! (=) <0 (9
e -M,E,+(M,B,-M, )T e
with
' =M 4, +M,H, K,
' =M 4, +M,H; K,
T = M4, + M H K

Y = M,B, — M, +(%).

vCh +(*)’
'Ch +(P_M1Ev )T ’

%

'Ch +(MlBh _Mz)T’

hv

Remark 1: The slack matrices in M(.) can be chosen.

Several options are available. The idea is to obtain an LMI
problem; following the idea from [36], we propose
M,=M,=nH,, and M,=H, where neR"™ is a
constant matrix to be fixed in advance.

Theorem 1: The T-S descriptor model (2) under the
control law (7) is asymptotically stable if there exist matrices
P=P' >0, M,, M, M, Hy, K,,i,je{l.2,....r},

ijk >
ke{l1,2,...,r.} such that (8) with

e (*) (*)
Y4 =| T -M,,E, —E[M], (%) |, 19
T M E, +(M,,B—nH,) T

ijk
where

I =M, 4 +17K ,C, +(*),

17475

I =M, 4 +7K,C +(P-M,E,)"

377

T =M, A4 +K,C +(M, B -nH,)"

5747 170

F(3’3) =M. B _Hifk +(*)

5770

Proof: Inequality (14) has been obtained via Lemma 1.
Taking into account Remark 1 and using convex-sums, the
slack matrices in M () are chosen as follows:

M,
M,,, =M,,, =nH,

M3h e RVIXVI’ Msh = Rmxn’
M H

hy 2 6hhy hhv*

With this selection (14) yields
o (*) (*)
v | e M, E, ~E'M" (*) [<0, (16)
r _M,E, +(M,,B,-nH,,) T
where
' =M,4,+nkK, C, +(*),
@y =M, A,+nK, C, +(P—M1hEv)T >
r® =m, 4, +K,C,+(M,B,-nH,,)
e = M,,B,—H,, +(*).

Finally, applying Lemma 2 gives (15), thus concluding the
proof. o

Remark 2: Several results can be obtained from Theorem
1, for instance, setting 7=0, or 7=B, or M;=0
Different configurations may lead to different results [36].

mxn *

Remark 3: In this particular case (SOFC design), when
using the vector [xT x" uT]T , equivalent conditions are

obtained employing the Finsler’s Lemma and descriptor-



redundancy. Effectively, consider )_c=[xT %" uTJT; thus,

the system (2) together with the control law (7) writes:

Ox¥=A4x+Bu—Ex

& EX=A4 7, 17

Oxii=H; K, C,x—u 4 (a7
I 00 0 I 0
with E=|0 0 0| and 4, =| 4, -E, B,
0 00 H, K,.C, 0 I

The Lyapunov function wunder consideration is
V(x)=x"E"Px, where E'P=P"E >0 and the structure on

B 0 0
P=|P, P, P, |with B=P" >0.
5 FB

Therefore V' (¥)< 0 < Z(T)P?+I3TZ(.) <0, or extending

e (*) (*)
) -P'E,—E"P, (*) |<o0, (18)
r -PE+(RB,~R) T
with
F(LI) = IDZTAh + PSTHh}ijhl’Clt + (*) 2
1—‘(2,1) = J)STA/'I +I)6TH/;/'Ivithh +(})1 _BTE‘, )T >
F(3’1) = Berh + BTH;hvithh + (IjoBh _I)5T )T s
T =P, — P +(%).
Note that considering B =P , PZT =M, , P3T =M, ,
Pl=M,,P =M,, PP=M,, and P =M, (18) gives
exactly the same as (14).

IV. EXAMPLES

In this section, a numerical example is used to illustrate the
performance of Theorem 1; several configurations for the free

matrix 7€ R™" have been done (see Remark 2).

Example 1. Consider a TS descriptor model of the form (2)

1.05 0.7 0.7 0.8+b 0.8 0.7 ]
with: E, =|-0.1 1.1 02 |, E,=| =09 1.1 -02|,
0.1 05 09-a 04 05 0.6 |
[-1.15 0.1 1.8+b -12 -03 0.1 ]
4=l03 -13 -05| 4,=|04 -06 03 |,
| 0.1 08 -0.8 -02 -02 -02-a
[06 12 -13 2.1 047
B =03 15-a|, B =|-27 05|, C,=| 1|, and
|-0.6 13 15 1.6 0

C,=[0.8 1 0], where ae[0 1], be[-0.5,1] are real-

valued parameters. Three configurations for Theorem 1 have
been tested:

00 11
Conf:7=|0 0|, Conf,:7=|1 1|, Conf,:n=235,.
00 11

Fig. 1 plots the feasible solution set for each of the
configurations mentioned above: configuration 1 ( O ),
configuration 2 (X ), configuration 3 (V).

Fig. 1 illustrates Remark 2, different solution sets are
obtained for different selections of the matrix 7€ R™ | i.e.,
they do not include each other.

Observe that, when configuration 3 is implemented,
another sum must be taken into account, turning the problem

from three sums —Z;lz;:l =B (+) By () vy (+) — to four

Sums _z:‘:lz;:lz;ﬂz::l h, (')hj (*) (')Vk (') :

XXXXX XXX

Fig. 1. Feasible solution set in Example 1.

V. CONCLUSIONS

An LMI approach has been presented to deal with the static
output feedback controller design of nonlinear descriptor
models rewritten as TS descriptor ones. Several configurations
can be chosen in order to solve the problem. A numerical
example has been included to show the performance of these
conditions.
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