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Abstract— This paper presents an unknown inputs observer
for nonlinear descriptor systems. The approach uses the
Takagi-Sugeno representation of the nonlinear model. In order
to obtain strict linear matrix inequalities a novel observer
structure is given. Thus the conditions can be efficiently solved
via convex optimization techniques. A numerical example is
provided to illustrate the performance of the proposed
approach.

I. INTRODUCTION

Systems are subject to known inputs (designed control
input) and unknown inputs (disturbances, measurement noise,
modeling uncertainties, etc.). Designing observers for both
the states of the system and unknown inputs (UIs) is an
important task in robust control, monitoring and fault-tolerant
control [1]-[5]. Estimating Uls also reduces the number of
sensors to be used. For instance, in biomechanics, the
estimation of an Uls such as the joint torques and angular
velocities avoids the use of sensors on the person under study

[6].

A proportional-integral (PI) observer for the estimation
of both the state and the Uls has been developed in [7], where

it is assumed that d =0 (d is the unknown input); later a
proportional multi-integral (PMI) observer has been proposed
in [4], [8]. This observer allows estimating polynomial
inputs. There exist several results on the estimation of Ul for
standard linear systems or linear descriptor systems [2], [4],
[9]-[11]. Generally, the conditions are given in terms of
linear matrix inequality (LMI) conditions together with
equality constraints.

On the other hand, the number of results on the analysis
and synthesis of nonlinear models via Takagi-Sugeno (TS)
models have increased during the last twenty years. A TS
model is a convex combination of linear models using
nonlinear membership functions (MFs) [12]. The Lyapunov’s
direct method is employed for analysis and design. In
general, the conditions can be formulated as LMIs, which can
be efficiently solved via convex optimization techniques [13],
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[14]. The main results in this field have been collected in
[15], [16]. In addition, using the sector nonlinearity approach
guarantees that the obtained TS model is an exact
representation of the nonlinear one in a compact set of the
state space [17]. Nonetheless, when employing the sector
nonlinearity methodology, the p non-linear terms in the
nonlinear model generate 2° local models (vertices), i.e., for
a large number of non-constant terms the number of vertices
rapidly increases.

The TS descriptor model has been introduced n [18] for
those systems whose equations naturally appear as nonlinear
descriptor models [19]. A TS descriptor model may help to
alleviate the high number of vertices in the TS representation
[20]. In addition, the final TS representation keeps the
original structure of the given nonlinear model [21]-[23].

Under the TS-LMI framework, Ul observers have been
presented in [6], [24]-[27]. An observer that estimates the
state and minimizes the influence of the Uls has been
proposed in [28]. An application of Pl observers for TS
descriptor models has been addressed [6], under the

assumption d ~0; however the conditions are in terms of
bilinear matrix inequalities (BMIs). In [24], conditions for a
PMI observer of standard TS models have been given, where
polynomial Uls can be estimated at the cost of enlarging the
LMI problem to be solved.

This paper provides a new observer structure for the
estimation of Uls; this novel structure is achieved by
introducing an auxiliary variable in the estimated state vector
[29]. This procedure leads to strict LMI conditions, thus
overcoming the results in [6]. In addition, a large family of
inputs is taken into account.

The rest of the paper is organized as follows: Section Il
provides the notation used throughout the work, states the
problem under study and motivates this research; Section Ill
presents the design of an unknown input observer via strict
LMI conditions; Section IV illustrates the proposed approach
via a numerical example; Section V concludes the paper.

II. NOTATION AND PROBLEM STATEMENT

A. Notation

When dealing with convex sums of matrices Y, Y,
i,je{L2,...,r} the following shorthand notation will be
employed: Y, =" h(s)Y;, ;' :(Z::lhi ()Y, )_1, and
Yy = Z::lzgzlhi ()b () -

Subscripts may change



according to the associated MF. An asterisk (*) will be used

in matrix expressions to denote the transpose of the
symmetric element; for in-line expressions it will denote the
transpose of the terms on its left side:

3 21 8w

The following relaxation lemma is employed to drop off
the MFs from expressions in order to obtain an LMI
formulation.

Relaxation Lemma [30]: Let Y*

ij?

ije{L2,...r},
ke {L 2,..., re} be matrices of appropriate dimensions. Then

Yo =20 22 h (2)h (2)v (2) Yy <O holds if

Yk <0, Vik,
o 1)
LYEHYE +Y5 <0, i=j, Vk
r-1
B. Problem statement

Consider the following continuous-time nonlinear model
in the descriptor form [19]:

E(X)x(t)=A(x)x(t)+B(x)u(t)+M (x)d(t)
y(t)=C(x)x(t)+G(x)d(t),

where xeR" represents the state, ueR™ stands for the
control input, d e R? is the unknown input vector, y e R° is
the output of the system. Matrices A(x), B(x), C(x),
M(x), G(x), and E(x) are assumed to be smooth in a
compact set Q,  of the state space including the origin.
Moreover, in this work the matrix E(x) is assumed to be

()

regular in Q,; this is motivated by mechanical systems
where E(x) the inertia matrix, and therefore it is

nonsingular [31]. Arguments will be omitted when their
meaning is clear.

In this work, we use the sector nonlinearity methodology
[17], since it allows obtaining a convex representation of (2)
that exactly represents the original nonlinear model.
Therefore, the p non-constant terms in right-hand side

matrices (A(x),B(x),C(x),M(x),G(x)) are captured by
the membership functions (MFs) h (z), i€{12,...,2"}.
The same applies for p, nonlinear terms in E(x): v, (2),
k e{l, 2,...,2p5}. The MFs hold the convex sum property,
ie, > h(z)=1, h(z)=0, >~ v (z)=1, and
Vv, (z)=0, with r=2" and r,=2™. The vector

z (t) eR"*™ is called the premise vector and it is assumed to
be known.

Thus via the sector nonlinearity approach, the nonlinear
model (2) gives the following Takagi-Sugeno descriptor form
[21]:

e
=

' ®3)

where matrices (A,B,M;,C,,G;) and E, represent the i-th

linear right-side model and the k-th linear left-side model of
the TS descriptor model. The linear models are blended

together via the MFs h(z), ie{l2...r}, v (2),
ke{l2,...,r,} [15]. Using the shorthand notation, (3) is
expressed as:

Ex=Ax+Bu+M,d, y=Cx+G.d.

The goal of this paper is to design an observer capable of
estimating both the state x(t) and the Ul d(t). To that end,
consider that the Uls are given by an exo-system, with the
dynamics d = Sd , where S € R*“ is a known matrix. Using
an extended state vector x° =[XT d’ ]T eR™® the TS
descriptor model (3) is rewritten as follows:

eyl _ peye e
E,X* =AX +Bu

4)
y=Cix,

with Ef = E 0 e Rmax(n+a) B¢ — B, < R(mrapm

' 0 1 7 " 0 '
M
A? = |:f;‘ Sh:| < IR(nJrq)X(nJrQ)7 and Cs = [Ch Gh] c ]ROX(MQ) .
C. Motivation

In this paper  the descriptor matrix

E(x)=E, =Y. Vi (2)E, is assumed to be regular in €, .

Of course, classical tools could be used in the sense that (3)
can be written as:

x=(E,)" Ax+(E,) Bu+(E) M,

. - - (5)
= A(x)x+B(x)u+M(x)d,

where A(x)=E,'A,, B(x)=E,'B,, and M(x)=E,'M, .
The same reasoning applies for the extended system (4).
Nevertheless, coming back to a standard structure (5) is
generally accompanied by an increase of nonlinear terms and
therefore with possibly unfeasible or computationally
intractable LMI constraints [15], [16].

Example 1. Consider a nonlinear descriptor model (2),
with the following matrices:



0.87 0.33+05(1-27) 0
E(X)|:O.53—5(1—277) 0.95 } BL}’
-0.81 0.83+6cos(xl)} M ( )_[2 1+5cos(xl)}

A(x)=
( ) {—0.74 0.57 1 -0.5

C(X)=[1.5+0.5cos(x1) 0 } G(X):[ 1

05
0 01 02+05cos(x) -04]

with 77 =1/(1+x7), & is a real-valued parameter known a

priori. Using the sector nonlinearity approach, a TS
descriptor model can be constructed with r=2 due to the

term cos(x,); r,=2 due to n=1/(1+x’). In total 4

vertices are needed to exactly represent the original nonlinear
system. On the other hand, obtaining a standard state space

requires E™(x), which is possible since E(x) is not
singular. Then, (5) is computed with

) 095  -0.33-05z
A(X):Z{—ossmz 0.87 1} ()
53+ 62, .

B(x)=g,| 0% 03-08
- 1 -053+527, 0.87
: 095  -0.33-05
M (x)=2, 2 1M (x),
-053+sz, 087

where z, = (0.6516+0.335z1 —0.2650z, +0.552} )71 and

7, =(-1+x)/(1+x). Note that all the nonlinear terms are

in the right-hand side of (5). Since there are three non-
constant terms — z, and z, from E™*(x) and z, =cos(x, )

from (A(x),M(x),C(x),G(x)) —, using the sector

nonlinearity approach r=2°=8 vertices are obtained.
Moreover for this example the input matrix moves from
constant in (3) to state-dependent in (5). Both facts increase
the number of LMI conditions to be verified and generally
reduce the set of possible solutions. This example is
continued in section IV. &

Several works [6], [21], [23] have shown that keeping the
structure of the observer close to the nonlinear model can
significantly improve the quality of the results.

In order to work with the initial structure (3), a classical
approach is to use an extended descriptor structure
embedding equation (4) as a differential algebraic equation

(DAE). Then, define X = {X
X

e
e} e REM294229) and the model

writes directly:

1. MAIN RESULTS

A. Parameterized LMI conditions

Following the procedure in [21], the observer can be
written as

v +Bhu+th(y_§/)

hX'

><|!-

| >
x>

v

(@)

y:

o€

E:
where X = { ;e} e R(ZM204(2129) o the estimated state vector
R

and L, =[0 L, ]T , L, e R™9 is the observer gain to be

A

designed such that %°* — x* when t —o0; to this end an
extended estimation error is defined:

) :| c R(2n+2q)x(2n+2q). (8)

Therefore
Ee =(A, -L.C,)e. 9)
Then, consider the Lyapunov function candidate:
V(e)=e"E'Pe; E'P=P'Ex0, (10)

R 0
R P
regular matrix.

with P { }e RiEvzena) g BT >0, P, being a

The time-derivative of the Lyapunov function gives:

V(e)=¢"E'Pe+e'P'EE

=e'P"(A, -L,C,)e+(*). )
Thus V (€) <0< (P'A, —P'L,C, )+(*)<0 or
PTA —PIL, CE+(+ *
ARG ]

PIA -PIL,Ci+R—(E) B —PIE +(%)
Remark 1. From (12) it is not possible to obtain strict

LMI conditions due to the terms P,/L,, and P/L,,. Several

choices are possible that will generate suboptimal solutions.
For example, it is possible to obtain parameterized LMI
problems by choosing P, = &P, with ¢ ascalar and then use

a logarithmically spaced search grid [32]-[34]. To get a strict
LMI problem following [6] a choice is P, =P, . In this latter

case, with the change of variables: F,, =P L, (12) renders:
PaT A: - Fthr? +(*) (*)
PIA-F.Cl+R—(E) R —PES+(%)

The following theorem summarizes this result.

<0. (13)

Theorem 1. Consider the system (6) together with the
observer (7). If there exist matrices P,=R' >0, P,, and



Fi. jeil2..,r}, ke{l,2,...,r} such that (1) holds
with:

RIA -FCl+(*) (*) (14)
= T ’
P3TA9 _ijcie +P1_<E|f) P3 _P3TEE+(*)

k
ij

then the estimation error e is asymptotically stable. The
observer gains are obtained as L., = P, F,, and the observer

structure is:
EXSE = AR +Bu+L, (y-9) (15)
§=C:%°.

Proof. Based on the developments above, by applying
the Relaxation Lemma on (13) gives the desired result.

B. Strict LMI conditions

The main result presented hereafter eliminates the
drawback that (12) is BMI and does not require choosing
P, =P,. In order to achieve this goal, a new full observer

gain needs to be implemented. This is attained by using a

|:)’Ze :| c R(2n+2q)x(2n+2q)-
ﬁe

Then, an observer for (6) writes

new estimated state vector: X

EXA:RV§+ Bu+P 'L, (y-9); ¥=CX,  (16)
with G, =1, U]+ Ly Ly eR™9°. Define the

estimation error e=x°—%°. The goal is to ensure e -0
when t —oo. As previously, we define an extended vector

where A° plays a role equivalent to X°:

X=X
. [xe-xe] | d-d
€=¥—7:{.Xe Xe} | (17)
X —p X—p
d-4;
Therefore its dynamic is given by
E¢ =(A,-P LG, )e. (18)
Consider the Lyapunov function candidate:
V(e)=e"E'Pe; E'P=P'Ex0, (19)

P O
with P:{ !

3 4
regular matrix. Then, the following result can be stated.

i|€ R(2n+2q)x(2n+2q), Pl — PlT > 0, P4 being a

Theorem 2. Consider the system (6) together with the
observer (16). If there exist matrices B =PR' >0, P,, P,,
L. and Ly, je{l2,...,r}, ke{l2,...,r,} such that (1)
holds with

PT e . C_e * *
:} _ 3 A Lljk i +( ) . ( ) , (20)
PIA LGl +R—(E) Py —PIE+(%)

then the estimation error e is asymptotically stable and, the
observer structure is

ESX = A% +Bu+[ED 1](P2) {Llh“}(y— y)

Lo, (21)

§=Cese.

Proof. The derivative of the Lyapunov function writes:

V(e)-e"P (A, ~(P") LEJE+(). @
Then
V(e)<0 < P'A,-L,C, +(*)<0. (23)
Developing (23) gives
PT i Ce * *
) A Lmvh+()T (*) <0, (20
PIA ~LnCi+R—(E) P —PIE +(%)

which leads to the desired result via the Relaxation Lemma.
The final observer form (21) is obtained as follows: recall
(16) and define

|: K]_hv :| — P—T I:hv — |iF?ll ( I'lhv - P3T P47T LZhV ):l (25)
2hv P4_T I-Zhv

Thus

g O 8] [0 1,08
S PP

+{ Oe}u +{K1'Wche}(xe —ie),
Bh KZhVCh

8= B+ K, Ce (xe —)25)
E;B° = AX +Biu+K,,Cr (X -%).

(26)

developing it:

@7)

By defining /° = %° — K,,Cs (x* = %), (27) produces:

E:();(e _thv(y_y)): A?)A(e + Br?u"' sz(y_y)a

which after grouping the terms yields
E\?)A(e = Af)ﬂ(e + Bﬁu +(E5K1hv + sz)(y_ 9)

= A%+ Biu+[ E; I]{Em}(y—f’)
2hv

Substituting (25) into (28), the proof is concluded. Il

(28)

Note that from (24), one can see that it is possible to add
extra degrees of freedom by incorporating convex MFs in



matrices P, and P,; thus P, =>" h(z)R; and

j=1 i
Pin =

without augmenting the number of LMIs. This fact is
summarized in the next corollary.

;Zlhj (z)P,; ., relaxes the conditions in Theorem 2

Corollary 1. Consider the system (6) together with the
observer (16). If there exist matrices B, =R’ >0, P,;, P,

Ly, and Ly, je{l2,...,r}, ke{l2,...,r,} such that (1)
holds with

oL @ ],
i = . . N .
] P4TJA -L; G +P1_(Ek) =y _PATjEk+(*)

Then, the estimation error e is asymptotically stable. The
observer structure is:

E;X* = AR +Bu+[E 1]RT [Ll“}(y— 9)

I-2hv (30)

§=C:x°.

At last, the strict LMI result in Theorem 1 always
encompasses the previous results as stated by the next
corollary.

Corollary 2. If the conditions in Theorem 1 are feasible
conditions or to the parameterized problem from BMI
conditions (12), then there exists a solution to Theorem 2.

Proof. In Theorem 2, expression (20) with P, =P, and
L =L =F, renders directly expression (14). For
parameterized LMI problems, consider P,=¢P, and
Ly =L =F in(20). o

Remark 2. The results given in Theorem 1, Theorem 2,

and Corollary 1 can be extended directly to the Pl and PMI
observers. For a Pl observer, set S =0, while for the PMI

observer consider d) =0, where o -derivative of the UL.
Remark 3. The convergence rate of the estimation error
can be directly carried out under the TS-LMI framework. In

our case, the condition is given by V (€)<—2aV (€), >0
[15], [16].
IV. EXAMPLE

Example 2. Recall the system in Example 1. Considering
the compact set Q =1{xeR?}, the sector nonlinearity
approach gives the following TS descriptor model:

2 2
> v (z)E;x=> h(z)(Ax+Bu+Md)
k=1 i:l (31)
y=> h(z)(Cx+Gd),
i=1
{ 0.87 —0.17} { 0.87 0.83}
where E = , ) = :
053+0 0.95 0.53-6 0.95

B {—0.81 0.83 + 5}

-0.81 0.83-6 0
= A, = . B=| |,
-0.74 0.57 -0.74 0.57 1

2 1+0 2 1-6 2 0
M1 = ' M2 = ! Cl = !
1 -05 1 05 0 -0.1

1 0 1 -05 1 05
C, = , G = and G, = .

0 -01 0.7 -0.4 -0.3 -04
The scalar parameter is & > 0. Consider that x, is available.
The MFs are  h =05(cos(x)+1), h,=1-h,

v, =1/(1+x7), and v,=1-v,. The dynamics of the
unknown input are given by the exo-system

i-| ©
-0.5

that in [6], [24], d =0 is considered or that there exists o so

that d'” =0. In order to show the performance of the
proposed approaches, two comparisons are done:

0.5
0 }d , which generates sinusoidal signals. Note

1) Comparing with conditions in [24]: In order to use the
methodology given in [24], a standard TS representation is
needed, thus a TS model with 8 vertices should be obtained

after the inversion of the matrix E(x)(see Example 1,
Section I1.B). By choosing common matrices as follows:
C=C,, G=G,, and S=0 (d=0), the following results
were obtained: conditions given by Theorem 1 in [24] were
feasible until 6=0.53; while conditions in Theorem 1,
Theorem 2, and Corollary 1 of this work were feasible up to
the value 5 =0.91(the larger & is the more relaxed the

approach is). Therefore, keeping the descriptor structure
allows obtaining more relaxed results.
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Figure 1. States in (black lines) and their estimates (blue-dashed lines) for
Example 1 for §=1.55.
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Figure 2. Unknown inputs (black lines) and their estimates (blue-dashed

lines) for Example 1 for 6=1.55.



2) Comparing the approaches given in Theorems 1 and 2
as well as Corollary 1. The aim is to design an Ul observer
for the TS descriptor model (31), considering the exo-system.
For Theorem 1, the maximum value of & for which feasible
solutions were found is ¢ =1.16; in case of Theorem 2, the
maximum value of & for which the conditions were found
feasible is & =1.66 ; while for Corollary 1 the maximum &
is 6=1.84. Thus, Corollary 1 is more relaxed than
Theorems 1 and 2.

When considering the exo-system as well as the real
parameter & =1.55, conditions in Theorem 2 were found
feasible. Figures 1 and 2 illustrate the result via simulation

with initial conditions x°(0)=[-0.4 0.5 0.1 —0.1]T :
Some matrices of the solution are given as example:

014 001 -154 0.33 039 -6.49
b _ 001 002 -021 029 |  [-062 —4.04
Y |-154 -021 2096 -2.79| " | 217 -417]
033 029 -2.79 2244 -1.92 -2.21
0.43 -5.99 -0.32 -0.55
o _| 064 -389 (o) _ -0.45 -0.46
21193 374" |-001 074
-1.88 -2.06 -0.81 -0.59

V. CONCLUSION

A novel observer for the estimation of unknown inputs
has been presented. The approach is based on the Takagi-
Sugeno representation of a nonlinear descriptor model. Via
an auxiliary state variable, a new observer structure can be
designed by means of strict LMI conditions.
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